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MULTIPLYING COUNTING NUMBERS
The fourth scene in a series of articles
on elementary mathematics.
written by eugene maier
designed and illustrated by Tyson Smith

me.

Multiplication of counting
numbers can be viewed
in a variety of ways. If
pictured with tile, 3 x 4
can be represented as 3
groups of 4 tile, a group
of 3 tile taken 4 times, or
as a 3 by 4 array of tile.
Notice that the array can
also be viewed as 3
groups of 4 (look at the
rows) or a group of 3
taken four times (look at
the columns). In any case, by
counting, we see 3 x 4 = 12.
We say 12 is the product of 3
and 4 and that 3 and 4 are the
factors of the product.

3 groups of 4

3 taken 4 times

3 x 4 array

FYI:

The array model of
multiplication is also called the area
model, since the number of tile in an
array is the area of the rectangle
formed by the array if each tile
represents 1 square unit of area.

1 square
unit

Gene says:

3
4
12 square units

Sometimes the multiplication of
counting numbers is viewed as repeated addition,
e.g. 3 x 4 = 4 + 4 + 4. This is essentially the same
as viewing 3 x 4 as 3 groups of 4. In contrast to
the area model the repeated addition model—while
useful in sme settings—is difficult to extend to other
kinds of numbers: it doesn't make sense to think of
√2 x √3 as √3 added to itself √2 times, but one
can think of it as the area of a rectangle whose
sides have lengths √2 and √3.

In computing the product of two numbers, it's useful to know the effect of
multiplying by 10. If we think in terms of base ten pieces, multiplying by 10 simply
converts each piece in the collection by the next larger piece: 10 copies of a unit is
a strip; 10 copies of a strip is a mat; 10 copies of a mat is a strip-mat, and so on.
Thus, for example, multiplying by 10
converts a collection of 3 mats, 2 strips and
6 units into a collection of 3 strip-mats, 2
mats and 6 strips; hence 10 x 326 = 3260.
This leads to the rule most of us learned in
school: To multiply by 10, add a 0. Since
100 is 10 x 10, multiplying by 100 is
equivalent to multiplying
by 10 twice, hence to
multiply by 100 add 2
zeros: to multiply by
1 unit 10 units = 1 strip 10 strips = 1 mat
1000 (10 x 10 x 10), add
10 x 1 = 10
10 x 10 = 100
3 zeroes, and so forth.
Also, in computing products, it's helpful to have the so-called "multiplication facts" at
hand. These are generally taken to be the products of all single digit numbers.

Gene says: Letting students

develop the multiplication facts by
manipulating tile or drawing
sketches provides these facts with
a meaningful context that helps in
remembering or recovering them. Multiplication can be thought of as converting
an array of tile into a minimal collection of base ten pieces—in the case of single
digit products this amounts to converting the array into strips and units. So for
example, a 4 x 8 array converts to 3
strips and 2 units, that is 4 x 8 = 32 In
words: four times eight is three-tensand-two, or as we say in English,
thirty-two.
As an alternative to using tile, sketches
can be drawn on grid paper as shown in
this sketch which shows that 7 x 8 = 56.

7 x 8 = 5 x 10 +6 = 56

When using base ten pieces to compute a particular product, one model of
multiplication may be more efficient than other. For example, forming a 3 by 245
array of tile to compute 3 x 245 is impractical, however computing 3 x 245 is
readily accomplished by combining 3 groups of 245, and exchanging pieces to
form a minimal collection.

Mats

Strips Units

245
245
245

7 Mats
3 x 245 = 735

3 Strips 5 Units

Other products are readily computed by forming arrays. In picturing arrays, the
dimensions—the number of rows and columnsóof the array will often be indicated by
edge pieces. (Edge pieces are slivers of tile. The length of a single edge piece is the
same as the length of the edge of a single tile; the length of 10 single edge pieces
connected end to end is the same as the length of the edge of a mat).

Edge Pieces for a 24 x 36 array

24 x 36 = 864

As an example of the use of an array, we compute 24 x 36. First edge pieces are laid
out to indicate the size of the array, and then, guided by the edge pieces, the array is
constructed using base 10 pieces. Counting the pieces in the array, we see it is
composed of 6 mats, 24 strips and 24 units, which, converted to a minimal collection,
becomes 8 mats, 6 strips and 4 units. Hence 24 x 36 = 864.

The previous process illustrates a standard paper-and-pencil
algorithm for finding products. The factors 36 and 24 are
recorded as shown. A line is drawn beneath the numbers.
First the partial product 4 x 36 is determined by noting that
4 x 6 is 24 units, the 4 is recorded below the line and 20 of
the units are converted to 2 strips which are recorded in the
strip column above the 3. Then the number of strips is
determined by multiplying 4 x 3 and adding the 2 strips to
obtain 14 strips which makes 1 mat
and 4 strips and are recorded
below the line. In a similar fashion
the partial product 20 x 36 is
determined: 20 x 6 is 12 strips, the
2 strips are recorded below the line
and the other10 are converted to 1
mat which is recorded above the
product in the mat column; 20 x 30 is 6
mats which, with the 1 mat, makes 7 mats
which is recorded below the line. The
final answer is obtain by adding the
two partial products.

Mats

1

Strips

2

Units

In the absence of base ten pieces, one can
draw a rough sketch, indicating the lengths
of the edges and the values of the various
regions of the array. In the sketch shown here,
the final product is obtained by adding the
sum of the values in the top two regions
(which is the product 4 x 36) to the sum of
the values in the bottom two regions (which is
the product 20 x 36).

Gene says: If one is going to use
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paper-and-pencil to compute a product,
drawing a sketch is more transparent and
often as efficient as a strictly numerical
process. One can also use sketches to
300
find products of numbers larger than those
in the above illustrations. To the right is a
sketch to find the product of two 3-digit
numbers. A calculators, however, is the
most efficient tool for finding such products.
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324 x 258 = 83,592

FYI: Multiplication is associative, that is if a, b and c

are three numbers, the result of multiplying the product
a x b by c is the same as multiplying a by the product
b x c, in symbols, (a x b) x c = a x (b x c). One way
to picture this is to think of a stack of blocks, such as
the one shown in figure A which is 3 blocks tall, 4
blocks wide and 5 blocks long. The number of blocks
in the stack can be computed
either as shown in figure B
5
or as shown in figure C.
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(3 x 4) x 5 ASSOCIATIVE
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Multiplication is commutative, that is for two
numbers a and b, a x b = b x a. (A 3 by 4
array of tile contains the same number of tile
as a 4 by 3 array.)

COMMUTATiVE
4

3
4
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3 x (4 + 5)

4

3

3x4

5
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3 x (4 + 5)
3x9
27

(3 x 4) +
12 + 15
27

=
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Multiplication and addition
are related by the
3x5
distributive property: if a,
b and c are three numbers,
5
then a x (b + c) = (a x b) +
(a x c). In terms of arrays,
(3 x 5)
this says that if an array is
split into two parts, the
number of tile in the array is the sum of
the number of tile in the two parts. See
the example to the left.

END of SCENE 4: MULTIPLYING COUNTING NUMBERS
For comments and questions please email
Gene Maier at maierg@pdx.edu
coming up next...

SCENE 5: DIVIDING COUNTING NUMBERS

